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1. (a) Use integration by parts to show that

[2 marks]

(b) Determine the convergence or divergence of the improper integrals

L1180 00 1 o
o [Ee, o [P

2. Evaluate the following integrals.
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3. (a) Verify that

fsec3ad9=§[aee9 tand + Infsccd 4+ tan|| + C.

(b) Use the substitution z = tan*# to evaluate the integral
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1. {a) Let u =1—1Inz and dv = (1/2?)dx. Then du = (—1/x)dx and v = —1/z. So that
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Therefore, f "L dris divergent.
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Therefore, f = dx is convergent.
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2. (a) Substitute! t = 1 —e=%. Then z = —In(1 — ¢2) and dx = [2¢/(1 — t?)] dt. So that,

#d_}; = lz—ft—jf— it’if— L_'_ 1 dt
V1—e—= N t1—2  f1—g 1+t 1—¢

= In|1+¢t—-Injl—¢t|+C
= In(l1+v1-e=)-In(1-y1—e-=)+C.
(b) Completing the square,
6r—h—a2=—(z2 —6x+5) =[x —3)? —4] =4 — (z - 3)2.

Substitute @ —3 = 2sin# which implies that vz —5 — 22 = 2 cos# and dr = 2 cos 6 db,
This gives
/vﬁ-.r —5—zx2dr = 4/«:‘052903 = 2[(1 +oeos20)df =20 +8in20 + C
= 20+ 2sinflcost + C

-3 -3
= Zal‘Cﬁin(IZ )+.r Vb —5 —x?+ .
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() . .
o /.51'113 rsec!Pzdr = f‘isin 7)(1 — cos® z) cos™ P x dx
= f{cos‘sfs x —cos™ /3 x)(—sinz) dr

= % cos®3 p — %c‘oswg x4+ C.

L An alternative substitution is e=*/2 = sin  which implies that +T —e £ = cos#f and dr = —2cat # df. So that
f\—/.#dr: =2 [escfdd =2In|esef +cot |+ C =0,



3.

(d) The partial fraction decomposition is

3z +1 A N B +C-’x+D
(x+ 12 (2 + 1) .r-!—l (x+1)2 2 +1
where
3 4+1 = A+ 1)@+ 1)+ B +1)+(Cz+ D)z +1)2

= A+O)* +(A+B+20+ D) +(A+C+2D)xr+ A+ B+ D.

Equating coefficients,

A+C =0 4 = -1

A+B+20+D = 3 B =12

A+C+2D = 0 - =1

A+B+D =1 D=0

Hence,
f 3r? 41 dr — f -1 2 " T ]
(z+1)2(z241) - .1'—1—1 (x+1)2 2241 o
= —lnjz+1|- i—I——lnl:l: 2y 4+
r+1

(e) Use Weierstrass suhstitution, i.e. t = tan(xr/2) which implies that cscx = (1 + %) /2t
and dx = [2/(1 + t?)] dt. Then,

cse T [(1+t2)/21] 2 1
——dr = - - dt = [ 57— di
Zesex + 1 2[(1+2)/2] +1 1+ 2 t24+t+1

f 1 - (f+1'2) e
= - arctan g
t+1/2%+34° 3 V3712
2tan(zx/ )I+1) LC

=

2
— arctan
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(a) By the Fundamental Theorem of Clalculus, it suffices to show that the derivative of the
right-hand side is the integrand, i.e.

arl; ( [*mecé?t'mﬂ + ln|sect + t‘m&?|D

[(sec‘@ tanf) tan # + (sec ) sec? @ + sec 5‘} = L{sect)(tan?f + sec® # + 1)

[ o S

(secf)(sec? @ — 1+ sec?f + 1) = sec® 4.

\

(b) The substitution = = tan?# for 0 < 8 < 7/2 gives /o + = = Vtan®f + tan®f =
secftanf and dr = 4tan® #sec? 040, Hence,

fﬁﬂ& _ fm,_lmnfi 959.:29539=-_1ft.n1129.sec9df9
_ 4].;%&9—5.;.:9)1{9

= 2(secHtanf + In|secH + tanf|) — 41n|secd + tand| + C
= ZsecHtanf — 21n|secd + tand| + '

= 2z +x—2In (@hf)





